Phys. Med. Biol.43 (1998) 1695-1711. Printed in the UK Pll: S0031-9155(98)90608-X

Statistical distribution of factors and factor images in
factor analysis of medical image sequences

| Buvatt, H Benali and R Di Paola

U494 INSERM, CHU Pite-Saltriere, 91 Boulevard de I'Bpital, 75 634 Paris Cedex 13,
France

Received 12 January 1998, in final form 2 March 1998

Abstract. From a time or energy image sequence, factor analysis of medical image sequences
(FAMIS) estimates factors, representing kinetics or spectra in a given physiological compartment,
and associated factor images, showing the compartments corresponding to each curve. In
this paper, we show that the statistical properties of factor images and associated factors
can be determined using a well known result from elementary probability theory. Numerical
experiments are conducted to demonstrate that the variance observed in factor images can be
predicted when the statistical properties of the original data are known. It is shown how these
theoretical results can be used to relax the non-negativity constraints during FAMIS oblique
analysis and to improve the quantitative interpretation of the factor images by associating a
confidence interval with each pixel value.

1. Introduction

Factor analysis of medical image sequences (FAMIS) is a powerful method for estimating
kinetics and associated compartments from a temporal image sequence (e.g. Barber 1980,
Di Paolaet al 1982, Houston and Sampson 1997, Saetahdl 1987). It has also been
demonstrated to be useful for scatter correction in planar scintigraphy and single photon
emission computed tomography (SPECT) by means of the analysis of spectral image
sequences (Buvadt al 1995). From an image sequence, FAMIS estimates a small number
(typically two to four) of curves (kinetics or spectra), termed factors, and associated factor
images (representing compartments), describing the image sequence using an underlying
linear model. For instance, in the case of dynarhi ammonia PET studies, right
ventricular, left ventricular and myocardial compartments can be separated and the factors
correspond to the time activity curves (TAC) associated with each compartmengt(&fu

1995). For SPECT scatter correction, a compartment represents the image of primary
photons while the associated curve is the scatter-free spectrum. The other compartments
represent scatter images and are associated with scatter spectradBalva995).

One issue which has not been studied so far concerns the statistical properties of the
factors and factor images. As the factors and factor images can be the input of further
processing, such as compartmental analysis for time series processing or tomographic
reconstruction for SPECT scatter correction, determining the statistical properties of the
signal in the factors and factor images would be useful, for instance, to associate a confidence
interval with each pixel value in the factor images or with each curve point in the factors.
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The importance of associating confidence intervals with the factor analysis parameters has
already been underlined (Sanedlal 1991).

In this paper, we derive the statistical properties of factors and factor images using a
well known result from elementary probability theory. Analytical simulations demonstrate
that the variance of each pixel value in the factor images can actually be predicted from the
original image sequence. It is shown how these results can be used to introduce the notion of
confidence interval when interpreting factor images and to take into account the uncertainty
regarding pixel values and factor values for relaxing the non-negativity constraints used in
the oblique rotation step involved in FAMIS.

2. Theory

In this section, the FAMIS model is presented and the method used to solve the model
is described. The statistical properties of the factor images and factors are derived and it
is shown how the oblique analysis can be modified to take into account these statistical
properties.

2.1. The FAMIS model

Using a unified formalism (Benaét al 1994), the FAMIS model can be written
X K ~
Xjj = ?Zak(i)fk(j)+eij~ 1)
k=1

In this expressiony;; is the signal intensity of pixel in image j of the sequence ang;
is a random error, corresponding to measurement noise. The total signal intensity in the
image sequence_ is defined by

X, = szij

N P
i=1

j=1
whereN is the number of pixels in an image ardis the number of images in the sequence.
Equation (1) states that the curve= {x;;};=1 p, termed trixeli, associated with each pixel
i can be expressed as a linear combination of a small nurkibef fundamental curves
{f}(j)}j:lf weighted by the coefficient®, (i). A symmetrical (or dual) interpretation of
this model (Benalet al 1994, Samakt al 1988) is that each image = {x;;};=1~ Of the
sequence can be expressed as a linear combinatiéhfahdamental image§i;(i)}i—1.~,
representing compartments, weighted by coefficigftg).

The problem to be solved is: given the initial image sequetgg;—1 v and j=1,p and
assuming thatk is known, find the fundamental imagé&, (i)};—1y and the associated

fundamental curvesfk(j)}j:l,p. The estimated fundamental images are termed factor
images, while the estimated fundamental curves are termed factors.

2.2. Solution of the model

Solving the model involves several steps which have been described and discussed in detail
previously (see, for instance, Di Paahal 1982, Frouiret al 1992). Only the relationships
necessary for the demonstrations of this paper will be presented here. The other steps
involved in FAMIS will only be briefly mentioned.
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2.2.1. Pre-processing. The first step of FAMIS consists of grouping pixels together, usually
using a geometrical pattern (e.g.x44 blocks of pixels), in each image of the sequence.
This corresponds to using a coarser spatial sampling. All variables corresponding to this
coarse spatial sampling will be denoted by an astefiskTo reduce the influence of noise

and irrelevant background signal, a thresholding procedure is then performed, so that only
trixels with an intensityr* greater than a given threshold are further analysed. The trixel
intensity x* of trixel i is defined by

p

x = Zx:;
j=1

2.2.2. Orthogonal analysis. The second step of FAMIS solves a statistical model, the fixed

effect model (Caussinus 1986), to estimate the noise-free compohent;; = x; (Benali

et al 1993). The fixed effect model states that the observed sigh& the sum of a fixed

component (non-random or noise-free compongfjtand a random errag;;. Solving the

fixed effect model yields a low-dimensional subspac®6f called study subspac such

that the projection of the original trixe[?*j onto this subspace gives the noise-free component

x};. The study subspacgis obtained using an orthogonal decomposition performed with the

appropriate metrics, derived from the statistical properties of the original data. For instance,

it has been shown that for scintigraphic data which are Poisson distributed, the appropriate

orthogonal decomposition was that of correspondence analysis (Berali1993). In that

case, the noise-free trixels are given by

* K-1 «x
~x Xi X iJ 1 o gk
* = + 2
g =1 q§:lj ) @

where the eigenvalues,, the eigenvectorg, and the eigenimageg, result from the
orthogonal decomposition and

N
x_j= E )C,'j.
i=1

The result of the orthogonal decomposition gives a basik ef 1 orthogonal eigenvectors
{9,(j)}j=1,p which span the study subspaein which the noise-free trixels can be
estimated.

2.2.3. Oblique analysis. The next step, called oblique analysis, estimates the fundamental
curves{fk(j)}_,-:l,p and the fundamental imag¢&; (i)};=1, 5. The basic hypothesis is that

the fundamental curves and the fundamental images belong to the studySspesdting

from the orthogonal analysis. Two dual models can be considered (Betralli1994): a

model pertaining to the fundamental curves (called the curve model) and a model pertaining
to the fundamental images (called the image model) (see the appendix). Either model can
be solved in an iterative manner, using non-negativity constraints, normalization constraints
and a priori knowledge (see the appendix). Briefly, the iterative procedure consists of
starting with a first set of factors and in deriving the corresponding factor images given
the trixel x5 These images are then modified to meet non-negativity, normalization and
a priori constraints and, using these new images, the corresponding factors are deduced.
These new factors are modified to meet the non-negativity, normalizatiora gibri
constraints and, after these modifications, new corresponding factor images are deduced.
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This process is repeated and when it stops, either the factors or the factor images meeting
the non-negativity, normalization aradpriori constraints are known.

2.3. Statistical properties of factor images and factors

2.3.1. Factor images. At the end of the iterative process, assuming the factors are known,
the corresponding factor images are deduced by projecting the original noisy ifixefsto
the factors{fk(j)}j:l,p. The projection operation reads

P
aw(i) =Y xij f{(J) €)
j=1

where thef/(j) are the elements of the matriX (F'F)~* and F is the P x K matrix
of the {f¢(j)}. The statistical properties of the factor imaggsi) can be derived from
equation (3). Indeedy (i) can be written
P 5 P 5

B fl() + Y e flG) = @) + e (4)

1 j=1

P
ai) =Y (&j+ep) fi(j) =
j=1 J
In this expression, the first teridy (i) is the non-random part, while the second term is
random, because of the random nature of the original signaln the case of Poisson data
x;; of parametew;;, as when dealing with scintigraphic data, two cases can be considered:

(i) If x;; is greater than 30y;; can be considered as Gaussian distributegi) is
therefore a linear combination of Gaussian variables and is Gaussian distributed.

(i) If x;; is less than 30x;; is Poisson distributed. However, F is large enough
(P > 30), the central limit theorem applies so that the sum gvef random errors with
the same law is Gaussian distributed. The resulting@) is therefore Gaussian distributed.

The third case, corresponding 1g; < 30 andP < 30, will be studied in section 4 and
further commented upon in the discussion.

If a;(i) is Gaussian distributed, it is entirely characterized by its first- and second-order
moments. Using equation (3), the varianceapfi) can be expressed as a function of the
variance of the original data by

J

P
Varfa, ()] = o) = ) Varlx1 42())- (5)
=1

There are no covariance terms since the are assumed to be independent variables.
Equation (5) corresponds to the well known result from elementary probability theory stating
that the variance of a weighted sum of random variables is the squared weighted sum of
the variances of the variables. In our context, this means that for a set of fagtgrsthe
variance of the factor images can be deduced from the variance of the original data. For a
Poisson variable;; of parameten;;, Var[x;;] = v;;. A classical estimate fov;; is x;; and
therefore equation (5) reduces to

P
Varla ()] = ) xij 2 ()- (6)
-

J

Using this relationship, a variance value can be associated with the pixel contents of each
factor image.
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2.3.2. Factors. Considering the dual formalism of FAMIS, and assuming that the factor
imagesa, (i) are known at the end of the iterative process, the factors can be deduced by

N
AOEDPEIAG @
i=1

where thed, (i) are the elements of the matrix (A’A)~* and A is the N x K matrix

of the a,(i). The statistical properties of the factors can then be determined using a
similar demonstration to that used to derive the statistical properties of the factor images
(equation (4)). Ifx;; > 30 or N large enough, the latter always being true, we obtain that
(i) the valuesf;(j) are Gaussian distributed and (ii) the variance Yat[)] of fi(j) is

N
Varlfi()] = 0%(j) = Y _ Var[x;]ag () ®)
i=1
which reduces to
N
Varl fi()] = Y x;al (i) ©)
i=1

for Poisson data.

Note that depending on what one is interested in (variance of the factor images or
variance of the factors), one should assume either that the factors are not random to deduce
the statistical properties of the associated factor images given the random original trixels
x;j, or that the factor images are not random to determine the variance of the associated
factors given the random original data.

2.4. Practical implications

Knowing the statistical properties of the factors and factor images can be taken advantage
of in at least two different ways: (i) to introduce the notion of confidence intervals when
interpreting the factor images and (ii) to introduce the notion of confidence intervals in the
iterative procedure of oblique analysis.

2.4.1. Associating a confidence interval to the factor image pixel valugguation (9)
shows that, for given factorg.(j), the variance of each pixel value in the factor images
can be deduced. As the factor image pixel values are Gaussian distributed with a known
variance Vaig(i)] = o2(i), a confidence intervalaf (i) — co (i); a;(i) + co(i)] can be
associated with each pixel valug(i), wherec depends on the type | error. For instance,

for a type | errore = 0.05, ¢ = 1.96. A straightforward use of this confidence interval can

be a thresholding procedure, in which all pixel values which are not significantly different
from zero are set to zero. In other words, df (i) — co(i)] < 0 thena,(i) = 0. The
practical consequences of such an operation will be illustrated in section 4.

2.4.2. Relaxing the non-negativity constraints in the oblique analysrs.the oblique
analysis, at each iteration, factor images are calculated using equation (3), except that the
preprocessed trixels); are used instead of the original trixelg. Therefore, the variance
Var[a; ()] = o2(i) of the factor imagesga; (i)}i=1~ is given by

P
Vara; (0] = > Varlx51 720).
j=1

J
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As a result, a confidence interval;{(i) — co (i); a; (i) + co(i)] can be associated with
each pixel valuer; (i). Given this confidence interval, the non-negativity constraints, which
conventionally consist of setting to zero all pixel values less than zero, can be relaxed so
that only the pixel valuesignificantly less than zero are set to zero, i.e.

if [af(i)+co@)] <0 then a; (i) =0.

Similarly, using equation (8), a confidence intervAl([j) —co (j); fi(j)+co(j)] can be
associated with each factor valyg(j). Given this confidence interval, the non-negativity
constraints, which conventionally consist of replacing by zero all factor values less than
zero, can be relaxed so that only the factor valsigmificantly less than zero are set to
zero, i.e.

if[fi(j) +co(D] <O then fe(j) = 0.

3. Materials and methods

Numerical simulations have been performed (i) to check the validity of the theoretical results
regarding the statistical properties of the factor images and to study the domain of validity
of these results and (ii) to investigate the practical consequences of the theoretical results.

3.1. Statistical properties of the factor images

3.1.1. Statistical distribution. A two-compartment phantom (figured)] was used to study

the nature of noise in the factor images. The phantom consisted of two non-overlapping
homogeneous rectangles A1 and A2, with an area of 1200 pixels each. The two fundamental
curves f, and f> associated with these fundamental images were a constant curve and a
monotonically increasing curve. The same contribution was given to each compartment,
i.e. the total signal intensity in each compartment was the same. Using these fundamental
components, five image sequences were created by varying the total number of counts
x_ and the number of imageB in the sequence. The parameters of the simulations are
summarized in table 1. Poisson noise was added to each image. Fok edble mean

value ofx;; in the sequence is given in table 1. Each image sequence was processed with
FAMIS using the following protocol: 4 4 pixel grouping; all trixels with intensity greater

than 30 were analysed; the two factors were set by projecting the known fundamental curves
into the study space, so that no variability due to an arbitrary number of iterations would
be introduced. Setting the factors guaranteed that they would be very close to the true
fundamental curves. No iterations were performed. For each analysis, two factor images
were obtained, one corresponding to each compartment.

Figure 1. Fundamental images used for (a) simulations 1 to 6, (b) simulation 7.
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Table 1. Characteristics of the different simulations.

Simulationno a1 a» fi fo x. Meanx;; P

1 Al A2 fi(j)=C1 Foj) =2j 5600000 77 30
2 Al A2 fi(j)=C1 fo(j) =2j 720000 10 30
3 Al A2 fi(j)=cC1 fa(j)=4j -2 2800000 77 15
4 Al A2 fi(j)=C1 fo(j)=4j -2 360000 10 15
5 Al A2 fi(j)=C1 fo(j) =12j — 6 120000 10 5
6 Al A2  fi(j) =300exg—0.1j) fo(j) =100;%25 2800000 39 30
7 R1 R2 fi(j) =300exg—0.1j) fo(j) =100j92> 2800000 42 30

As the simulated compartments presented a uniform signal and because the estimated
factors were very close to the true fundamental curves, the number of counts in the factor
images should theoretically be identical in each pixel of a compartment. The statistical
distribution of noise in the factor images could therefore be investigated by looking at the
distribution of pixel values in each compartment. The Gaussian nature of noise in each
compartment was tested using a Kolmogorov—Smirnov test (Kendall and Stuart 1979).

3.1.2. Variance in the factor imagesTo test whether the variance observed in the factor
images could be predicted by the theoretical relationship (6), a ‘variance image’ was
calculated using equation (6) for each factor image. Using these variance images, the mean
variance value in each compartment was calculated. This mean value gabhedhstical
estimate of the variance of the Gaussian distribution associated with the compartment. On
the other hand, using the factor images, the mean and variance of the pixel values were
calculated for each compartment. This gave thservedvariance in the factor images.

The theoretical and observed variance values were then compared. This comparison was
performed for the five numerical simulations described above. In addition, as the theory
predicts that the variance depends on the factor shape, another simulation with different
curve shapes was performed. An image sequence was created by using the fundamental
distributions A1 and A2 (figure &) associated with curveg;(j) = 300 exg—0.1;) and

f2(j) = 1007°25 respectively (simulation 6 in table 1). This sequence was processed using
the same FAMIS protocol as that described above. Equation (6) also indicates that the
variance in the factor images is a function of the estimated factors and is not a function of
the true underlying fundamental curves. To check whether this was indeed the case, another
simulation (simulation 7 in table 1) was performed so that the estimated factors would be
biased. The fundamental spatial distributions were two overlapping rectangles R1 and R2
(figure 1p)) and the associated curves were the same as those used for simulation 6. Using
this image sequence, two FAMIS were performed. The same clustering and thresholding
procedures as those described above were used. In the first analysis, the two factors were
set using the known fundamental curves and no iterations were performed. In the second
analysis, the factors were not setpriori and five iterations were used to estimate the
fundamental curves.

3.2. Practical implications

3.2.1. Associating a confidence interval with the factor image pixel valuest all FAMIS

which were performed, each factor image was thresholded so that all pixels with values
not significantly different from zero were set to zero. The number of non-zero pixels that
should theoretically be zero was noted, before and after thresholding the factor images.
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3.2.2. Relaxing the non-negativity constraints in the oblique analygissimulation was
performed using three rectangular non-overlapping compartments, of 240 pixels each, with a
uniform signal intensity. The curves associated with these compartmentsfwgie= 2/,

f2(j) = 300 exg—0.1j) and f3(j) = 100j°25, for j = 1 to 30 and the three compartments
represented 33%, 34% and 33% of the total signal intensity respectively. Using these
compartments and curves, a sequence of 30 images with 400 000 counts in total was created
and Poisson noise was added. The mean number of counts per pixel was 18. Two FAMIS
were performed, each using ax44 pixel grouping and analysing trixels with intensity
greater than 30. In the first analysis, factors were estimated in an iterative manner using the
conventional non-negativity constraints (without taking into account the confidence interval
associated with factor and factor image values) and 37 iterations were performed. The
second analysis was also performed using 37 iterations, but non-negativity constraints were
relaxed so that only the values significantly less than zero were set to zero during the oblique
analysis. In both analyses, the resulting factor images were thresholded using the variance
values, so that all values not significantly different from zero were set to zero.

4. Results

4.1. Statistical properties of the factor images

4.1.1. Statistical distribution. The mean and standard deviation of the signal in each
compartment of the factor images are summarized in table 2 for the different simulations.
The critical value for the Kolmogorov—Smirnov test was 0.03%at 0.05. In all cases,

the observed statistics was less than 0.039, meaning that the statistical distribution of the
signal in each compartment did not significantly depart from a Gaussian distribution. As
an example, the histogram of pixels values in compartment 1 for simulation 1 is shown in
figure 2.

number of pixels

2077 2357 2637

pixel value

Figure 2. Histogram of pixel values in compartment 1 for simulation 1.

4.1.2. Variance in the factor imagesThe variances measured in the factor images for
the different compartments and simulations are given in table 3, as a function of the
variance values predicted from the theory (equation (6)). For the second FAMIS performed
on simulation 7, where the factors were not sepriori, the factors and factor images
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Table 2. Mean signal and associated standard deviation in each compartment (cpt) and associated
Kolmogorov—Smirnov (KS) test values.

Simulation  cpt 1 cpt 2

no (meant sd) KS test (mear-sd)  KS test
1 2324+ 99 0.00403 232485 0.00303
2 300+ 36 0.00200 29& 31 0.00303
3 1163+ 67 0.00310 11662 0.004 40
4 150+ 25 0.006 13 14& 21 0.006 43
5 50+ 14 0.00913 5@ 13 0.005 80

Table 3. Observed variance and variance predicted from the theory in the different compartments
(cpt) for the different simulations.

Variance
Simulation Observed predicted from
no cpt variance theory
1 1 9893 9743t 298
1 2 7183 7491 204
2 1 1290 1265t 108
2 2 975 966+ 75
3 1 4432 4661 197
3 2 3793 3506t 145
4 1 638 602t 75
4 2 445 449+ 49
5 1 205 207+ 44
5 2 168 155+ 30
6 1 2287 2378t 107
6 2 1762 173261
7—FAMIS1 1 1608 1636: 523
7T—FAMIS 1 2 3589 3782 97
7—FAMIS2 1—ROI1 3485 3593 128
7—FAMIS2 1—ROI 2 1628 1671 106
7T—FAMIS 2 2 5831 6145- 157

were biased compared with the true fundamental structures (figure 3). In the first factor
image, the theoretical and observed variance were compared in two different regions of
interest (figure 4), while in the second factor image, they were compared only in a region
corresponding to the second compartment. A plot of the observed variance against the
theoretical variance for all simulations is shown in figure 5.

4.2. Practical implications

4.2.1. Associating a confidence interval to the factor image pixel valuEise numbers

of pixels with non-zero values in regions where there should theoretically be zero for the
different factor images and simulations are given in table 4 before and after thresholding the
factor images. Before thresholding, for the factor image representing mainly compartment
k, there were a large number of non-zero pixels in the region corresponding to the other
compartment. After thresholding, this number was strongly reduced and there only remained
between 0% and 4% of the non-zero pixels observed before thresholding.
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a b

Figure 3. Factor images obtained for simulation 7 when not fixing the factors.

compartments are shown in figureb)(
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Figure 4. Regions of interest (hatched areas) used to calculate the variance in the biased factor

images shown in figure &f.
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Figure 5. Observed variance in the factor images as a function of the variance predicted from

the theory.

4.2.2.

Relaxing the non-negativity constrainthe factors estimated using the two

FAMIS performed for the three-compartment simulations are superimposed with the true
fundamental curves in figure 6. Wherot relaxing the non-negativity constraints, the
iterative algorithm actually diverged around iteration 30, yielding poor curve estimates



Statistical properties of factors and factor images in FAMIS 1705

Table 4. Number of non-zero pixels in regions where there should be zero for the different
simulations, before and after thresholding the factor images using the estimated variance values.

Simulation No of non-zero values  No of non-zero values
no Image before thresholding after thresholding
1 1 1196 20

1 2 1190 24

2 1 1184 32

2 2 1183 44

3 1 1192 32

3 2 1183 26

4 1 1178 37

4 2 1182 35

5 1 1159 3

5 2 1153 30

6 1 1182 24

6 2 1191 31

7—FAMIS 1 1 0 0

7—FAMIS 1 2 1490 56

Figure 6. Estimated factors for the three-compartment simulations. Full curves: original
fundamental curves. Broken curves: factors obtained when not using the relaxed non-negativity
constraints. Open circles: factors estimated using the relaxed non-negativity constraints.

(broken curves). When relaxing the non-negativity constraints, the solution remained stable
from iteration 30. For each factor image and each compartment, figure 7 shows the
theoretical and the observed mean values for the two analyses, before and after thresholding
the factor images, by taking into account the variance value associated with each pixel of the
factor images. When not relaxing the non-negativity constraints, the mean number of counts
was underestimated by 14% in compartment 1 (factor image 1), by 33% in compartment 2
(factor image 2) and by 5% in compartment 3 (factor image 3). In addition, before
thresholding the factor images using the confidence intervals, there was substantial apparent
signal in compartments 1 and 2 in factor image 3. Thresholding the factor images reduced
this signal. When relaxing the non-negativity constraints during the oblique analysis, the
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Factor image 1 Factor image 2
600 T‘T 600
400 : 400 :
200 [ 200

0 % 0
cpt 1 cpt 2 cpt3 cpt 1 cpt 2 cpt 3

Factor image 3 B truc value

conventional non-negativity constraints
before thresholding

mmm conventional non-negativity constraints
after thresholding

relaxed non-negativity constraints
before thresholding

3 relaxed non-negativity constraints
after thresholding

600

400

200

3

cpt 1 cpt 2 cpt 3

Figure 7. Mean values measured in the different compartments and the different factor images
for the three-compartment simulation.

mean numbers of counts were underestimated by 2% in compartments 1 and 3, and it
was overestimated by 2% in compartment 2. For the factor imkagerresponding to
compartmentk, there was almost no signal in the other compartments.

5. Discussion

The aim of FAMIS is to estimate (time or energy) curves and associated compartments from
an image sequence. Most often, the resulting factors and factor images are further analysed,
either only visually, or for quantitative purpose. From a quantitative point of view, factors
can be used for compartmental analyses (Sahal 1993) or factor images can be used to
estimate signal intensity in a given compartment. For interpreting factors or factor images
guantitatively, it would therefore be useful to associate ‘confidence intervals’ with the factor
values and with the factor image pixel values.

This paper derived the statistical properties of factors and factor images. The case
of scintigraphic data for which the signal is Poisson distributed was considered in the
simulations. However, equations (3) and (7) from which the statistical properties of factor
images and factors are deduced apply whatever the statistical properties of the original data.
For Gaussian data, for instance, equation (3) shows that the factor images would also be
Gaussian. Characterizing the variance of the factors and factor images requires the variance
of the original trixelsx;; to be known. In the case of Poisson data of parameters
v;j, the solution is trivial since Vaif;] = v;; which can be well approximated by;. It is
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therefore straightforward to calculate the variance values associated with pixel or factor value
(equations (6) and (9)). For Gaussian data, the variance values could also be theoretically
calculated using equations (5) and (8) provided one can estimate the variance of the original
trixels x;;. Note that equations (5) and (8) only apply when the nejsassociated with the
original trixelsx;; is not spatially correlated, making the covariance terms equal to zero. In
that case, equations (5) and (8) are nothing other than the elementary result from probability
theory which states that the variance of a weighted sum of random variables is equal to
the squared weighted sum of the variances of the variables. For spatially correlated noise,
equations (5) and (8) would contain covariance terms which should be estimated to make
calculation of the factor and factor image variance reliable. In the case of Poisson data,
the numerical simulations demonstrated the validity of the theoretical results, namely that
the signal is Gaussian distributed in the factor images (table 2 and figure 2), and that the
variance associated with each pixel value can be predicted using equation (6) (table 3 and
figure 5). The Gaussian nature of the signal in factor images is theoretically guaranteed if
eitherx;; or the number of image® is greater than 30. The experimental results showed
that in agreement with the theory, the signal is Gaussianvfor- 30 even isP is low
(simulation 3), or forP > 30 if x;; < 30 (simulation 2). As a result, the signal is also
Gaussian when both; > 30 andP > 30 (simulation 1). Furthermore, it was found that the
signal in the factor images remained Gaussian when Baihndx;; were low (simulations 4

and 5). This is probably because both and P values contribute to the convergence
towards the Gaussian asymptotic results. From a practical point of view, factor images are
therefore always Gaussian for scintigraphic data. Another important characteristic is that
the variance associated with each pixel value in the factor images does not depend on the
true fundamental curves. It is entirely determined by the variance of the original trixels
x;; and by the estimated factorg. If the factors are biased estimates of the underlying
fundamental curves (simulation 7, FAMIS 2), the variance values depend on the bias (since
they are calculated from the estimated factors), but can be estimated without estimating the
bias (table 3). This means that variance values can be systematically associated with factor
images, even when the bias that may affect the factors is unknown (which is what happens
most often).

The same theoretical derivations apply for associating variance values with factors
(equations (7) and (8)). For Poisson data, factors are therefore Gaussian distributed, since
the number of trixelsV is always greater than 30. For Gaussian initial data, factors would
also be Gaussian distributed. A confidence interval can be associated with each factor value
using equation (8). Again, variance can be associated with factors without knowing the bias
that may affect the factor images.

Note that if the statistical distribution of the original data was unknown, or if the
statistical distribution of the factor images or factors was unknown, the only way to estimate
the variance of the factor analysis parameters would be to replicate the same experiment a
large number of times.

It is important to underline that one cannot associate variance values with factbrs
factor images simultaneously. Indeed, either the factors are assumed to be non-random and
the variance of the factor images is deduced from the projection of the random original
trixels onto the non-random factors, or the factor images are assumed to be non-random
and the variance of the factors is deduced from the projection of the random original trixels
onto the images.

We have presented two applications for which knowledge of the statistical properties of
factors and factor images can be used to advantage. A straightforward use of the variance
associated with each pixel value in the factor images is to determine whether the pixel value
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is significantly different from zero. If it is not, it can be replaced by zero. This thresholding
operation greatly reduced the signal present in the factor images in regions where signal
should be zero (table 4). On the other hand, it did not affect signal in regions where it
was high enough (figure 7) and therefore significant. The relevance of thresholding may
be questionable in regions of intrinsic low-intensity signal, where weak signal could be
partially cancelled by thresholding. To make thresholding more robust, it might be worth
using a spatial model during the thresholding operation. For instance, deciding whether a
pixel should be set to zero could depend not only on the pixel value and associated variance,
but also on the values and variances observed in neighbouring pixels.

A second application concerns the oblique analysis procedure. The conventional oblique
analysis algorithm is based on non-negativity constraints: negative values in factors and in
factor images are set to zero in turn in the iterative algorithm until the solution meets the
non-negativity constraints ‘reasonably well’. This algorithm can be seen as an iterative
forward/backward estimation technique. Calculation of the factor images corresponds to
a forward estimation, given the original trixels and assuming that the factors are known.
The backward step estimates the factors given the original random trixels and the known
factor images. At each step, non-negativity constraints should ensure that the number of
negative values in factors or factor images decrease. A flaw in this approach, however, is
that all negative values are set to zero, whether they are significantly negative or not. As
shown using the three-compartment simulation, this can cause the algorithm to diverge. On
the other hand, using the ‘relaxed’ non-negativity constraints to account for the confidence
interval associated with each factor or factor image value prevents the algorithm from
diverging. A solution is achieved where all negative values are not significantly different
from zero so that neither factor images nor factors are modified. Another related, although
less dramatic, phenomenon was observed in the case of trixels with a high level of noise
(typically x;; less than 30). In such cases, the cloud of points in the study space (i.e. the
Brq coordinates, see the appendix) corresponding to a compartment is spread out because of
noise. For each compartment, the conventional oblique analysis algorithnstwithnon-
negativity constraints finds a solution corresponding to the extreme points of the clouds,
i.e. at the edge of the clusters corresponding to the different compartments, while the true
solution rather lies at the centre of gravity of each cloud of points. Using the relaxed non-
negativity constraints prevents this effect and gives a solution inside the cloud of points,
i.e. close to the true solution.

6. Conclusion

We have demonstrated that the statistical properties of factors and factor images can be
theoretically derived from the statistical properties of the initial data. Using simulations, we
showed that in the case of Poisson data, the experimental results were consistent with those
predicted by the theory. The advantages of accounting for the variance associated with factor
values or factor image pixel values were demonstrated in two instances: for thresholding
factor images so that false signal coming from noise can be removed, and for relaxing
the non-negativity constraints in the oblique analysis procedure involved in FAMIS. This
relaxation method has been shown to prevent the iterative oblique analysis algorithm from
diverging on a numerical simulation. Other potential applications of the results presented
in this paper include adaptive factor image restoration based on the statistical properties of
the factor images. Further theoretical studies will also concern the variance estimates of
factors and factor images for original data with spatially correlated noise.
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Appendix

In this appendix, we present the FAMIS oblique analysis model and the algorithm used to
solve it. Two dual models can be considered (Beealal 1994): a model pertaining to

the fundamental curves (called the curve model) and a model pertaining to the fundamental
images (called the image model). Both models assume that the fundamental curves and
the fundamental images belong to the study sggacesulting from the orthogonal analysis.

The curve model assumes that the fundamental curves can be written:

~ . k=14
fe(j) = —x'J + E x_ﬂkq(/)q(j) (A1)
.- g=1 "~

where thegy, are the coordinates of the fundamental curen the study space. Using
this model, the fundamental images are given by

x*

K-1
s ; 1 .
G (i) =y + 2; — VgV () (A2)
L Hx

where they,, are the coordinates of the fundamental imagjein the study space. The
image model can be deduced from the curve model by substituting varidblevariable
i. It assumes that the fundamental images can be written

oox k=2 .
a (i) = ;+;;ykqwq<z>. (A3)
The fundamental curves are then given by:
x; =21
() = Bro—L = ). A4
Jei) = Pro"t + ; 3 Prava(D) (A4)

Either model is solved in an iterative manner, using non-negativity constraints,
normalization constraints aral priori knowledge. We give here the relationships holding
for the curve model and the image model when correspondence analysis is used for the
orthogonal analysis. If another orthogonal decomposition is performed, the gist of the
oblique analysis is basically the same but the relationships (especially those related to
normalization) are different.

In the curve model, the fundamental image coordingtesre related to the fundamental
curve coordinateg, by

By' =KlId (A5)

whereg is the K x K matrix of B, with the first column{Bo}«=1 x being set to 1 angr
is the K x K matrix of y,, with the first column{yio}i=1,x being setto 1. Id is th& x K
identity matrix.

Moreover, one can show that the following ‘normalization’ constraints hold:

K
Y Buro=0  Vg=1K-1 (A6)
k=1

K
Y g =0 Vg=1K—1 (A7)
k=1
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and
K
Z Yeo = K. (A8)
k=1

In the image model, the fundamental image coordingtgs are also related to the
fundamental curve coordinatgs, by equation (A5). The ‘normalization’ constraints are

K
Y VgPo=0  Vg=1K-1 (A9)
k=1
K
> By =0 Vg=1K—1 (A10)
k=1
and
K
Y Bo=K. (AL1)
k=1

When the curve model is used, the algorithm is as shown below:

(1) Initialization of the coordinateg, of the fundamental curvey. Bro = 1 for all
curves fi.

(2) Calculation of the corresponding, using equation (Al).

(3) If some of they, are knowna priori, substitution of the corresponding estimated
Ykq values by the known valueg,,.

(4) Normalization of they,, so that equations (A3) and (A4) are verified.

(5) Non-negativity constraints on the factor images: the imageSi)}i=1n
corresponding to the, values are calculated. # (i) < 0, aj (i) is set to zero. After these
substitutions, the new,, are deduced and normalized so that equations (A3) and (A4) are
verified.

(6) Calculation of the curve coordinatgg, corresponding to the new image coordinates
Yk USING equation (Al).

(7) If some of theg,, are knowna priori, substitution of the corresponding estimated
Brg Values by the known valuegs,,.

(8) Non-negativity constraints on the factors: the ima§gsj)};=1 » corresponding
to the y,, values are calculated. Ifi(j) < O, then f;(j) is set to zero. After these
substitutions, the new,, are deduced and normalized so tjsgd = 1.

(9) Back to step (2).

The algorithm starts from an initial estimate of the factor coordinates (step (1)). The
corresponding factor image coordinates are deduced (step (2)). In some applications, some
factor images may be knowa priori. In this case, the corresponding estimated factor
images are replaced by the known factor images (step (3)). After this substitution, the
normalization constraints are applied to make sure that the set of factor image coordinates
is consistent (step (4)). The next step checks that, given the factors, the associated factor
images contain only non-negative values. If they do not, all negative values are replaced by
zero. Again, the normalization constraints are applied to ensure that the resulting set of factor
image coordinates is consistent (step (5)). Using these new factor images, the corresponding
factors are then calculated (step (6)). If some factors are kreopnori, the corresponding
estimated factors are replaced by the known factors (step (7)). All negative factor values
are replaced by zero (step (8)). After these substitutions, the factors are normalized so that
the set of factor coordinates is consistent with the normalization constraints. The resulting
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factors can then be used to get new estimates of the fundamental images. The procedure
is repeated until a stopping criterion is met. The stopping criterion can be: (i) a default
number of iterations; (ii) a number of negative values in the factor images or in the factors
less than a given threshold; (iii) a change between two consecutive factor images or factor
coordinate estimates less than a given threshold.

When solving the image model instead of the curve model (Bestadil 1994), the
iterative procedure is the same except that it starts from an estimate of the factor images.
Furthermore, the normalization constraints are those related to the image model, i.e.
corresponding to equations (A10) and (A11), instead of being those given by equations (A7)
and (A8).
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