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Introduction
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W
hat is tom

ography ?

!
 A

n indirect m
easurem

ent of a
param

eter of interest, using a detector
sensitive to som

e sort of radiations

À
 A

lgorithm
s to recover the 3D

cartography of the param
eters from

the m
easurem

ents
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D
irect (forw

ard) problem

T
he tom

ographic system
 m

easures a set of “projection” data: integrals
of a signal along certain specific directions.

unknow
n param

eters

m
easurem

ents =
 projection

T
he m

athem
atical form

ulation of the relationship betw
een the unknow

n
param

eters and the m
easurem

ents is the direct problem
.

direct problem



Sum
m

er school Clerm
ont  - Irène Buvat - july  2004 - 6

Inverse problem

T
om

ographic reconstruction is the inversion of the direct problem
.

unknow
n param

eters

m
easurem

ents =
 projections

inverse problem

Inverse problem
: estim

ating the 3D
 cartography of unknow

n
param

eters from
 the m

easured data.
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Ill-posed inverse problem

Lim
ited spatial sam

pling

Ill-posed: several solutions com
patible w

ith the m
easurem

ents

1 projection

projection
direction

2 projections

N
oisy

N
oisy m

easurem
entsN

o noise

signal intensity

spatial direction
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D
ifferent types of tom

ography

!
 T

ransm
ission tom

ography

- E
xternal radiation source

- M
easurem

ent of radiations
transm

itted through the patient
- P

aram
eters related to the interactions

of radiations w
ithin the body

e.g., C
om

puted T
om

ography (C
T

)
e.g., S

P
E

C
T

 and P
E

T

- Internal radiation source
- M

easurem
ent of radiation em

itted
from

 the patient
- P

aram
eters related to the radiation

sources w
ithin the body

À
 E

m
ission tom

ography
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D
ifferent types of tom

ography

P
E

T

S
P

E
C

T

C
T

O
ptical T

om
ography

S
ynchrotron T

om
ography
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B
asics
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F
actorization of the reconstruction problem

3D
 im

ages from
 a set of 2D

 m
easurem

ents

3D
 cartography of a

param
eter

2D
 projections

3D
 distribution

If real 3D
: “F

ully 3D
 reconstruction”

1D
 projections

2D
 cartography of a

param
eter

2D
 im

ages from
 a set of 1D

 m
easurem

ents

transaxial slice
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K
ey notion 1: projectionp(u,q) =

    f(x,y) dv

-•

+•
Ú

u
projection q

M
odelling the direct problem

u =
 x cosq +

 y sinq
v =

 -x sinq +
 y cosq

q

x

y
v

f(x,y)
u
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P
rojection: m

athem
atical expression

u
projection q

p(u,q) =
    f(x,y) dv

-•

+•
Ú

T
he 2D

 R
adon transform

set of projections for q =
 [0, p ]

 =
 R

adon transform
 of f(x,y)

R
[f(x,y)] =

     p(u,q)d
q

0

p

Ú
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K
ey notion 2: sinogram

A
ll detected signal concerning 1 slice

t

q

q
2

q
3

q
1

t
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K
ey notion 3: backprojection

f*(x,y) =
    p(u,q) d

q

0

p

Ú

T
ackling the inverse problem

u =
 x cosq +

 y sinq
v =

 -x sinq +
 y cosq

q

x

y
v

f(x,y)
u

u
projection q

B
ew

are: backprojection is not the inverse of projection !

p(u,q)
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M
ethods of tom

ographic reconstruction
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T
w

o approaches

!
 A

nalytical approaches

- C
ontinuous form

ulation

- E
xplicit solution using inversion

form
ulae or successive transform

ations

- D
irect calculation of the solution

- F
ast

- D
iscretization for num

erical
im

plem
entation only

f*(x,y) =
    p’(u,q) dq

0

p

Ú

À
 D

iscrete approaches

- D
iscrete form

ulation

- R
esolution of a system

 of linear
equations or probabilistic estim

ation

- Iterative algorithm
s

- S
low

 convergence

- Intrinsic discretization

p
i  =

 S
 rij  fj  

j
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A
nalytical approach: central slice theorem

p(u,q) =    f(x,y) dv
-• +

•

Ú
-•

P(r,q) =    p(u,q) e
-i2pru du

Ú +
•

Fourier transform

q
x

y
v

u
u =

 x cosq +
 y sinq

v =
 -x sinq +

 y cosq
r

x  = r cosq
r

y  = r sinq
du.dv =

 dx.dy

1D
 F

T
 of p w

ith respect to u =
 2D

 F
T

 of f in a specific direction

P(r,q) =           f(x,y) e
-i2p(xr

x +yr
y ) dx.dy 

-•
-• +

•
+

•

Ú
Ú

p(u,q)

P(r,q) =           f(x,y) e
-i2pru du.dv

-•

+
•

-•

+
•

Ú
Ú

P(r,q) = F(r
x ,r

y ) 
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A
nalytical approach: filtered backprojection (F

B
P

)

P(r,q) = F(r
x ,r

y ) 

f(x,y) =             F
(r

x ,r
y ) e

i2p(xr
x +

yr
y ) dr

x .dr
y  

-•

+
•

-•

+
•

Ú
Ú

=              P
(r,q)  e

i2p(xr
x +

yr
y ) d

r
x .dr

y  
-•

+
•

-•

+
•

Ú
Ú

=           P(r,q) |r|e
i2pru dr. dq 

0

p
+

•

Ú
Ú

=      p’(u,q) dq      with    p’(u,q) =     P(r,q) |r|e
i2pru d

r

-•

0

p

Ú
-•

+
•

Ú
R

am
p filter

q
x

y
v

u
u =

 x cosq +
 y sinq

r
x  = r cosq

r
y  = r sinq

r= (r
x 2 + r

y 2) 1/2
rdr

x dr
y  = rdrdq
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F
iltered backprojection: algorithm

P(r,q)

1D-FT

p’(u,q)
FT

-1

f(x,y)backprojection

reconstructed im
age

f(x,y) =      p’(u,q) dq       w
ith    p’(u,q) =     P(r,q) |r|e

i2pru dr
0

p

Ú

sinogram

p(u,q)

|r| P(r,q)
filtering

R
am

p filter

Ú-•

+
•
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F
iltered backprojection: beyond the R

am
p filter

f(x,y) =      p’(u,q) dq      w
ith   p’(u,q) =     P(r,q) |r|e

i2pru d
r

0

p

Ú
Ú-•

+
•

r
0                0.8

|r|w
(r)

0 1

r

|r|

0               0.8

10

|r|w
(r)

high frequency am
plification

noise
noise control

loss of spatial resolution
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T
w

o approaches

!
 A

nalytical approaches

- C
ontinuous form

ulation

- E
xplicit solution using inversion

form
ulae or successive transform

ations

- D
irect calculation of the solution

- F
ast

- D
iscretization for num

erical
im

plem
entation only

f*(x,y) =
    p’(u,q) dq

0

p

Ú

À
 D

iscrete approaches

- D
iscrete form

ulation

- R
esolution of a system

 of linear
equations or probabilistic estim

ation

- Iterative algorithm
s

- S
low

 convergence

- Intrinsic discretization

p
i  =

 S
 rij  fj  

j
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D
iscrete approach: m

odel

p
i

fj

r11                   r14 

r41                             r4
4

p
1

p
2

p
3

p
4 

f1f2f3f4 

=
p =

 R
 f

f1
f2

f3
f4

p
1

p
2

p
3p

4

p
1  =

  r1
1 f1 +

 r1
2 f2 +

 r1
3 f3 +

 r14 f4
p

2  =
  r2

1 f1 +
 r22 f2 +

 r2
3 f3 +

 r2
4 f4 

p
3  =

  r3
1 f1 +

 r3
2 f2 +

 r3
3 f3 +

 r34 f4 
p

4  =
  r4

1 f1 +
 r4

2 f2 +
 r4

3 f3 +
 r44 f4

projector

G
iven p and R, estim

ate f
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D
iscrete approach: calculation of R

• G
eom

etric m
odelling

- intersection betw
een pixel and projection rays

fj p =
 R

 f
R

 m
odels the direct problem

• P
hysics m

odelling
- spatial resolution of the detector
- physical interactions of radiations

rij =1
ri’j =0

rij =0
rij’ =1

fj
fj’

p
i

p
i’

parallel

p
i

fan beam

spatial resolution

p
i

rij ≠0, jŒ 
rij’ =0, jŒ 

fj
fj’
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T
w

o classes of discrete m
ethods

!
 A

lgebraic m
ethods

- G
eneralized inverse m

ethods

À
 S

tatistical approaches

- B
ayesian estim

ates

- O
ptim

ization of functionals

- A
ccount for noise properties

p
i  =

 S
 rij  fj  

j
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Iterative algorithm
 used in discrete m

ethods

f 0

f 1
correction

p =
 R

 f

p =
 R

 f

p̂
com

parison
p̂

versus p

defines the iterative m
ethod:

additive if f n+
1 =

 f n +
 c

n

m
ultiplicative if f n+

1 =
 f n . c

n
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A
lgebraic m

ethods

M
inim

isation of ||p - R
 f|| 2

p =
 R

 f

S
everal m

inim
isation algorithm

s are possible to estim
ate a solution:

e.g., S
IR

T
 (S

im
ultaneous Iterative R

econstruction T
echnique)

C
onjugate G

radient
A

R
T

 (A
lgrebraic R

econstruction T
echnique)

e.g., additive A
R

T
:fj n+

1 =
 fj n +

 (p
i  - p

i n ) rij /S
rik 2

k
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S
tatistical m

ethods

P
robabilistic form

ulation (B
ayes’ equation):

 proba(f|p) =
 proba(p|f) proba(f) / proba(p)

p =
 R

 f

probability of obtaining f
w

hen p is m
easured

likelihood of p

F
ind a solution f m

axim
izing proba(p|f) given a probabilistic m

odel for p

prior on f
prior on p

f n+
1 =

 f n . R
t(p/p

n)

e.g., 
if p follow

s a P
oisson law

: proba(p|f) =
 P

 exp(-p
k ).p

k pk /p
k !

M
LE

M
 (M

axim
um

 Likelihood E
xpectation M

axim
isation):

and 
O

S
E

M
 (accelerated version of M

LE
M

)

k
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R
egularization
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R
egularization

S
et constraints on the solution f

S
olution f:

trade-off betw
een 

the agreem
ent w

ith the observed data
and

the agreem
ent w

ith the constraints 
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R
egularization for analytical m

ethods

F
iltering

f(x,y) =           P(r,q) w(r)|r|e
i2pru dr

0

p

Ú
Ú-•

+
•

R
am

p filter
B

utterw
orth filter
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R
egularization for discrete m

ethods

M
inim

isation of ||p - R
 f|| 2+

 l K
(f)

 l controls the trade-off between
agreem

ent with the projections and agreem
ent with the constraints

proba(f|p) =
 proba(p|f) proba(f) / proba(p)

prior on f, i.e. proba(f) non uniform

 E
xam

ples of priors:
f sm

ooth
f having discontinuities

C
onjugate G

radient gives M
A

P
-C

onjugate G
radient (M

axim
um

 A
 P

osteriori)
M

LE
M

 gives M
A

P
-E

M
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N
ew

 challenges
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A
nalytical reconstruction

• F
ully 3D

 reconstruction for C
T

:
- suited to the new

 designs of C
T

 detectors
(increased num

ber of row
s, increased gantry rotation

speed, helical cone beam
 geom

etry)
- real tim

e

• R
econstruction algorithm

s m
anaging source

deform
ations (m

otions)
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Iterative reconstruction: fully 3D
 M

onte C
arlo reconstruction

p =
 R

 f
m

odelling R
 using num

erical (M
onte C

arlo) sim
ulations

of the im
aging procedure in em

ission tom
ography

tissue density
and com

position
+

cross-section tables of
radiation interaction

A
ll propagation and detection physics can be accurately m

odelled
3D

 propagation of radiation is taken into account

stochastic m
odelling

of physical interactions
probability that an

“event” in j be detected
in i

j

i

R
ij
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P
ending issues

• S
ize of the fully 3D

 problem
:

64 projections 64 x 64, R
 includes 64

6 elem
ents

(256 G
igabytes)

• T
im

e
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Q
uestion 1

G
iven 128 projections of 64 pixels by 64 pixels, you can

easily create:

A
.

64 sinogram
s w

ith 128 row
s and 128 colum

ns

B
.

128 sinogram
s w

ith 64 row
s and 64 colum

ns

C
.

 64 sinogram
s w

ith 128 row
s and 64 colum

ns

D
.

 64 sinogram
s w

ith 64 row
s and 128 colum

ns

E
.

 128 sinogram
s w

ith 128 row
s and 64 colum

ns
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Q
uestion 2

Iterative reconstruction:

A
.

Is faster than analytical reconstruction

B
.

Is necessarily fully 3D

C
.

A
lw

ays involves a regularization term

D
.

Is based on a discrete form
alism

E
.

C
an include accurate m

odelling of the radiation physics


